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Abstract
Over a perfect field, we determine the sheaf of A1-connected components of a class of threefolds
given by the Blow-up of a variety admitting a P1-fibration over either an A1-rigid or a non-uniruled
surface, along a smooth curve. As a consequence, we verify that the sheaf of A1-connected components
for such varieties is A1-invariant.
1 Introduction
F. Morel and V. Voevodsky constructed the motivic homotopy category suitable for schemes, with A1
playing the role of the unit interval in the classical homotopy theory. One enlarges the category of
smooth schemes over a field, to the category of simplicial Nisnevich sheaves of sets over the Nisnevich
site of smooth schemes over the field. By localizing the category with the morphisms given by A1-weak
equivalences, Morel and Voevodsky in [8] constructed the A1-homotopy category. As in the classical
homotopy theory, there is the notion of A1-homotopy groups πA
1
0 (X ) and π
A
1
i (X , x) for i ≥ 1, an
unpointed space X and a pointed space (X , x). F. Morel showed that the higher homotopy groups
πA
1
i (X ) for i ≥ 1 are A
1-invariant.
Conjecture 1.1 (Morel). For any simplicial sheaf X , πA
1
0 (X ) is A
1-invariant.
Morel’s conjecture holds for A1-rigid schemes, in particular for smooth projective curves of genus
> 0, abelian varieties. More non-trivial cases for which Morel’s conjecture is verified include H-spaces,
homogenous spaces for H-groups [5]. Recently it has been verified for non-uniruled smooth projective
surfaces over any perfect field in [1] and smooth projective birationally ruled surfaces over an algebraically
closed field of characteristic 0 in [3]. Using the classification of smooth projective surfaces over an
algebraically closed field of characteristic 0, Morel’s conjecture holds for surfaces. In this paper, we
are interested in the universal A1-invariant quotient (1) of a particular class of smooth projective
threefolds. As a consequence we show that, conjecture 1.1 holds for this class of threefolds.
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Let S(X) denote the sheaf of A1-chain connected components of X , for a scheme X over the field k.
By iterating this construction, for a natural number n > 0, one gets a sequence of sheaves {Sn(X)}n≥0
with epimorphisms Sn(X)→ Sn+1(X). We consider the universal A1-invariant quotient
L(X) := colimn≥0 S
n(X).
One can show that, the canonical map πA
1
0 (X ) → L(X ) is an isomorphism if and only if the sheaf
πA
1
0 (X ) is A
1-invariant [see [1, Theorem 2.16]]. As a step towards Morel’s conjecture, the natural
question is
Question 1.2. [1, Remark 3.17] Given a scheme X over a field k, does there exist n, such that the
sequence {Sn(X)}n≥0 of sheaves stabilizes i.e S
n(X) → Sn+1(X) is an isomorphism for some n > 0
(possibly depending on X)?
In general, the sheaf of A1-chain connected components S(X) is not isomorphic to πA
1
0 (X) as
shown in [1, Section 4]. It was shown in [2], that for A1-connected anisotropic algebraic groups over
an infinite perfect field, the sheaf S(X) is not isomorphic to πA
1
0 (X), but rather a further iteration
Sn(X) is isomorphic to πA
1
0 (X).
In this paper, we prove a result (Proposition 3.1) regarding ghost homotopies for smooth proper
varieties admitting a P1-fibration over a surface. As a consequence, we prove the following result.
Theorem 1.3 (Theorem 4.1 and Theorem 4.4). Let B be a smooth, proper variety of dimension 2
over a perfect field k. Let X be a smooth projective threefold over k and π : X → B be a morphism of
schemes over k such that π is a P1-fibration. Let W be a smooth irreducible curve in B. Let Z be a
smooth closed subscheme of X such that Z is a section of the P1-fibration on W , pulled back from X.
Let X˜ be the blow up of X along the closed subscheme Z. If either of the following holds:
1. B is an A1-rigid
2. B is a non-uniruled over k
then S2(X˜) ≃ S3(X˜).
As a consequence we deduce the following
Corollary 1.4 (Corollary 4.3 and Corollary 4.5). For X˜ satisfying the assumptions of Theorem 1.3,
πA
1
0 (X˜) is A
1-invariant.
We also provide in Remark 4.7, examples of smooth projective varieties X˜ of dimension 3 such that
SingA
1
∗ (X˜) is not A
1-local.
Structure of the paper In Section 2, we recall some definitions and basic facts on Ghost
homotopies from the literature relevant to this paper. In Section 3, we prove Proposition 3.1, which
will be used in Section 4. In Section 4 we prove Theorem 4.1 and Theorem 4.4, which are the main
results of the paper.
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Notation 1.5. Throughout the paper, k will denote a fixed base field. By a variety over k we mean
an integral, separated, finite type scheme over Spec k. We refer to [6] for basic definitions and facts in
Algebraic Geometry.
2 Preliminaries
In this section, we recall some basic definitions and standard facts relevant to our discussion.
Let Sm/k denote the big site of smooth, finite type, separated schemes over Spec k with the
Nisnevich topology. Let ∆op(Psh(Sm/k)) ( and ∆op(Sh(Sm/k))) denote the category of simplicial
presheaves (resp. sheaves) of sets. We consider all presheaves of sets on Sm/k as constant simplicial
presheaves. There is an adjoint pair (i, aNis)
aNis : ∆
op(Psh(Sm/k))⇆ ∆op(Sh(Sm/k)) : i
where i is the inclusion and aNis is the Nisnevich sheafification functor. There is an injective local model
structure on both the categories where weak equivalences are defined via weak equivalence of induced
map of Nisnevich stalks, and cofibrations are given by monomorphisms. The adjoint pair (i, aNis)
gives a Quillen equivalence of the simplicial model categories. By inverting the weak eqivalences on
the simplicial model category ∆op(Sh(Sm/k)), we get the homotopy category Hs(k).
By the technique of Bousfield localization with respect to the collection of the projection morphisms
given by X × A1 → X for the objects X in ∆op(Sh(Sm/k)), one gets A1-local model structure on
∆op(Sh(Sm/k)) with A1-local weak equivalences. By inverting the A1-local weak equivalences, F.
Morel and V. Voevodsky in [8] constructed the A1-homotopy category H(k).
There exists an A1-fibrant replacement functor
LA1 : ∆
op(Sh(Sm/k))→ ∆op(Sh(Sm/k))
such that for any object X , there is a canonical morphism X → LA1(X ) and LA1(X ) is an A1-fibrant
object. We refer to [8, §2.1, Theorem 1.66 and p. 69] for the construction of the A1-fibrant replacement
functor and more details.
Definition 2.1. For any X ∈ ∆op(Sh(Sm/k)), πs0(X ) of X on Sm/k is the Nisnevich sheafification
of the presheaf
U 7→ π0(X )(U) = HomHs(k)(U,X )
for U ∈ Sm/k.
Definition 2.2. For any X ∈ ∆op(Sh(Sm/k)), the sheaf of A1-connected components πA
1
0 (X ) of X
on Sm/k is defined as πs0(LA1(X )).
Definition 2.3. A presheaf (or sheaf) of sets F on Sm/k is defined to be A1-invariant if the morphism
F(U)→ F(U × A1)
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induced by the canonical projection U × A1 → U is a bijection for all U ∈ Sm/k.
The presheaf U 7→ π0(LA1(X ))(U) is A1-invariant, but that its Nisnevich sheafification πA
1
0 (X ) is
A1-invariant is conjectured by F. Morel [Conjecture 1.1].
There is an analogous notion to path-connected components of a topological space in this setting.
We recall the definition of the Morel-Voevodsky singular functor SingA
1
∗ . Let ∆• be the cosimplicial
sheaf associated to the cosimplicial scheme
∆n = Spec
k[x0, x1, · · · , xn]
(
∑
xi − 1)
.
For a simplcial presheaf X (or sheaf X ), SingA
1
∗ (X ) is defined as the diagonal of the bisimplicial
presheaf (or sheaf) Hom(∆•,X ), where Hom is the internal hom.
Definition 2.4. Let F be a Nisnevich sheaf of sets on Sm/k. Define the sheaf of A1-chain connected
components of F denoted by S(F) to be the Nisnevich sheafification of the presheaf on Sm/k
V 7→ π0(Sing
A
1
∗ F(V ))
for V ∈ Sm/k.
From here onwards, let X ∈ Sch/k, the category of schemes over k. We denote the representable
sheaf associated to the scheme X also by X . Let S(X) denote the sheaf of A1-chain connected
components of X .
We denote S0(X) := X and S1(X) := S(X). One can iterate this notion and define for n > 1,
Sn(X) := S(Sn−1(X)) by applying the Definition 2.4 to the sheaf Sn−1(X).
We have a sequence of morphisms of sheaves (all arrows are epimorphisms)
X → S(X)→ S2(X)→ · · · → Sn(X)→ Sn+1(X)→ · · ·
The universal A1-invariant quotient of X (denoted by L(X)) is defined as
L(X) := colimn≥0 S
n(X) (1)
the colimit of the sequence of the sheaves {Sn(X)}n≥0. There is a canonical map π
A
1
0 (X ) → L(X )
which is an isomorphism if and only if the sheaf πA
1
0 (X ) is A
1-invariant [1, Theorem 2.13, Remark
2.14, Corollary 2.18].
In the rest of this section, we recall the notions of ghost homotopies and the space of a ghost
homotopy from [1]. We also recall results on ghost homotopies of blow up from [3] relevant to our
setting.
Definition 2.5. Let F be a sheaf of sets and U be an essentially smooth scheme over a field k. Let
n ≥ 0 be an integer.
1. A 0-ghost homotopy is an A1-chain homotopy i.e. t1, t2 ∈ F(U) are A1-chain homotopic if there
is a sequence of (h1, · · · , hr) of hj ∈ F(U × A1), such that σ∗0(h1) = t1, σ
∗
0(hi+1) = σ
∗
1(hi) and
σ∗1(hr) = t2.
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2. Suppose the notion of m-ghost homotopy is defined for m < n. Given t1, t2 ∈ F(U) are n-ghost
homotopic connecting t1, t2 consists of following data
H = (V → A1U ,W → V ×A1U V, σ˜0, σ˜1, h,H
W )
where
(a) V → A1U is a Nisnevich cover of A
1
U .
(b) For i = 0, 1, σ˜i is a lift U → V of σ : U → U × {i} → A1U .
(c) W → V ×A1
U
V is a Nisnevich cover of V ×A1
U
V .
(d) h : V → F is a morphism such that h ◦ σ˜i = ti for i = 1, 2.
(e) HW = (h1, · · · , hr) is a chain of n − 1-ghost homotopies connecting the two morphisms
W → V ×A1
U
V ⇒ V , where V ×A1
U
V
pri
−−→ V are the projections for i = 1, 2.
We also recall the notion of the total space of a ghost homotopy.
Definition 2.6. Let F be a sheaf of sets and U be a smooth scheme over a field k. Let n ≥ 0 be
an integer. For an n-ghost homotopy on U , inductively on n, we define the total space of the n-ghost
homotopy as a scheme denoted by Sp(H) and morphisms fH : Sp(H)→ U and hH : Sp(H)→ F .
1. For a 0-ghost homotopy, define
Sp(H) := A1 × U
The morphism fH : Sp(H) → U is the canonical projection A1 × U → U and hH : Sp(H) → F
is given by the homotopy h.
2. Suppose the space Sp(H) is defined for n− 1-ghost homotopy. Suppose an n-ghost homotopy is
given by
H = (V → A1U ,W → V ×A1U V, σ˜0, σ˜1, h,H
W ).
with HW = (h1, · · · , hr) a chain of n− 1-ghost homotopies. Let Sp(Hj) be the total space of the
n− 1-ghost homotopies, then define
Sp(H) := V
∐( r∐
j=1
Sp(Hj)
)
.
The morphisms fH : Sp(H) → U and hH : Sp(H) → F are given by the morphisms on various
components. On V , fH |V := V
h
−→ A1U → U , and on Sp(Hj), fH | Sp(Hj) is defined as
Sp(Hj)
fHj
−−→W → V ×A1
U
V
pri
−−→ V → A1U → U.
Here pri can be either of the two projections, as the composition does not depend on the choice.
The morphism hH is defined as hH |V := V
h
−→ F and hH |Sp(Hj): Sp(Hj)
hHj
−−−→ F .
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Definition 2.7. Let φ : F → G be a morphism of Nisnevich sheaves of sets and U be a smooth scheme
over a field k. Let n ≥ 0 be an integer. We say that an n-ghost homotopy H on F over U , lies over a
morphism γ : U → G, when γ ◦ fH = φ ◦ hH.
For the rest of the paper, we follow the following notations.
Notation 2.8. 1. Let U = SpecR, where (R,m) is the Henselization of the local ring at a smooth
point of a variety over k.
2. For a local k-algebra A, Ah denotes the Henselization of the local ring A.
3. < a, b > denotes the ideal in R generated by elements a, b ∈ R.
4. For an ideal J in a ring R, rad(J) denotes the radical of the ideal J .
5. For an ideal J in a ring R and U = SpecR, U(J) denotes the closed subscheme SpecR/J of U .
3 Ghost homotopies on blow up of threefolds admitting P1-fibration
over a surface
We assume throughout the rest of the paper that k is a perfect field. We consider the geometric
situation we are interested in.
# Let B be a smooth proper variety over k of dimension 2. Let X be a smooth proper variety over
k and π : X → B be a morphism of schemes over k such that π is a P1-fibration. Let W be a smooth
irreducible curve in B. Let Z be a smooth closed subscheme of X such that Z is a section of the
P1-fibration on W , pulled back from X . Let X˜ be the blow up of X along the closed subscheme Z.
With the notations in the above paragraph, we prove the following
Proposition 3.1. Let α1, α2 be sections of X˜ over U which are connected by an n-ghost homotopy
hH : Sp(H)→ X˜ for some n > 0. We further assume that, there is a morphism γ : U → B such that
the n-ghost homotopy lies over the morphism γ in the sense of the Definition 2.7. Then the sections
α1, α2 are 1-ghost homotopic and map to the same element in π
A
1
0 (X˜)(U).
Proof. The assumption on the n-ghost homotopy implies that, the morphism hH : Sp(H)→ X˜ → X
factors thoughXγ := X×γ,BU → U which lifts to the blow up of Xγ along the ideal sheaf Iγ associated
to the closed subscheme given by the inverse image of Z under the morphism Xγ → X .
We make various cases, depending on the codimension of the images in B of the generic
point η and the closed point u of U under the morphism γ : U → B.
We list the cases we will consider:
1. γ(u) is the generic point of B.
2. γ(η) is a closed point b of B.
3. γ(u) = γ(η) = y of codimension 1 in B.
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3.i : y ∈W
3.ii : y /∈W
4. γ(η) = y of codimension 1 in B and γ(u) is a closed point of Y = {y}.
4.i : Y 6= W
4.i.a : γ(u) /∈ Y ∩W
4.i.b : γ(u) ∈ Y ∩W
4.ii : Y = W
5. γ(u) = y of codimension 1 in B and γ(η) is the generic point of B. Let Y = {y}.
5.i : Y 6= W
5.ii : Y = W
6. γ(u) is a closed point of W and γ(η) is the generic point of B.
Case 1 : Let γ : U → B be such that, γ(u) is the generic point of B, then α1, α2 factor through
P1×SpecA, where SpecA is an affine open subscheme of B−W . Hence, α1, α2 are A1-homotopic.
Case 2 : Let γ(η) be a closed point b of B. Then any morphism U → X˜ lying over γ factors through the
fiber of X˜ → B over b, which is a connected scheme with each irreducible component isomorphic
to P1k(b). Hence, morphisms α1, α2 : U → X˜ lying over γ are A
1- chain homotopic.
Case 3 : If γ(u) = γ(η) = y is of codimension 1 in B. Let Y = {y} the closure of y in B with the reduced
closed subscheme structure. Let Y be the normalization of Y , which is a smooth curve. Since
γ : U → Y is dominant, it factors through Y → Y . Thus, the n-ghost homotopy connecting
α1, α2 factors through the P1-fibration over Y given by the pullback X ×B Y . There are two
cases:
3.i : y /∈W i.e. Y 6=W.
3.ii : y ∈W , i.e. Y =W
3.i : In the case Y 6= W , we can replace Y by Y −W . Thus α1, α2 are such that these map
the closed point to the generic point of Y , so by similar argument as before, the morphisms
α1, α2 factor through P1 × SpecA, where SpecA is an affine open subscheme of Y , hence
α1, α2 are A1-chain homotopic.
3.ii : In the case Y = W , the morphisms α1, α2 : U → X˜ factor through the total transform of
π−1(W ) in X˜, which is the union of the exceptional divisor E and the strict transform V ′ of
π−1(W ). Since γ maps the generic point η to the generic point of W , the n-ghost homotopy
(in particular, the morphisms α1, α2) lying over γ factors through the total stransform of
π−1(W ) which is a union of the exceptional divisor E and the strict transform V ′ of π−1(W ).
Since Z is a smooth closed subscheme of π−1(W ) of codimension 1, V ′ is isomorphic to
π−1(W ), which is a geometrically ruled surface over the smooth curve W . Also E is a
geometrically ruled surface over the smooth curve Z. Thus, we observe that the morphisms
α1, α2 : U → E ∪ V
′ are A1- chain connected. By composing with the inclusion morphism
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E ∪ V ′ →֒ X˜, we get that the morphisms α1, α2 : U → X˜ are connected by an A1-chain
homotopy.
Case 4 : In this case γ(η) = y is of codimension 1 in B and γ(u) is a closed point of Y = {y}, the closure
of y in B with the reduced closed subscheme structure. Thus, γ factors through the P1-fibration
given by π−1(Y )→ Y . There are two cases
4.i : y /∈W i.e. Y 6=W.
4.i : y ∈W , i.e. Y =W .
4.i : In the case Y 6= W : either γ(u) /∈ W or γ(u) ∈W .
4.i.a γ(u) /∈ Y ∩W : In the case γ(u) /∈ Y ∩W : replace Y by Y −W and conclude as before.
4.i.b γ(u) ∈ Y ∩ W : In this case, let p := γ(u) ∈ Y ∩ W . We can also assume that
Y ∩ W = {γ(u)}, for if Y ∩ W = {p1, · · · , pm, p} be the collection of distinct closed
points, then γ factors through Y − {p1, · · · , pm}.
Let Y be the normalization of Y , which is a smooth curve. Since γ : U → Y is
dominant, it factors through µ : Y → Y . Thus, the n-ghost homotopy and in particular,
α1, α2 factor through the P1-fibration over Y given by the pullback X×BY . Over U , the
n-ghost homotopy to X×B Y over U lying over γ factors through X×B Y ×Y U = X×B
U ≃ P1U = ProjR[x0, x1], which lifts to the blow up along the closed subscheme Z×BU .
Let J ⊂ R denote the ideal Iγ−1(W ), associated to the closed subscheme γ
−1(W ) ⊂ U .
Then the ideal in R[x0, x1], associated to Z ×B U is given by Iγ =< J, x0 >, where
< J, x0 > denotes the homogeneous ideal in R[x0, x1] generated by J and x0. By [3,
Proposition 3.7], applied to the Blow-up Xγ , there exists r ∈ R such that the ideals
α∗1(Iγ), α
∗
2(Iγ) and h
∗
H(Iγ) are generated by r. We have
α∗1(Iγ) = J+ < r1 >=< r >= J+ < r2 >= α
∗
2(Iγ).
There are two cases:
(A) r ∈ J , thus r | r1, r2.
(B) r = r1, so that J ⊆< r >, but r /∈ J ; also we have that r2 is a unit multiple of r.
We show below that, if the two sections α1, α2 satisfy the condition of the case (A),
then the sections are A1-homotopic. But the necessary condition in (B) is not sufficient
to conclude that the sections α1, α2 are n-ghost homotopic. In this case, we get a
further necessary condition, which suffices to show that the sections α1, α2 are 1-ghost
homotopic.
In the case (A), we observe that, α1 and α2 are A1-homotopic as follows. Consider
h : A1U = SpecR[T ]→ SpecR[x0/x1] given by
x0/x1 7→ r1(1− T ) + r2T .
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Note that the homotopy h : U × A1 → P1U lifts to Xγ as the pullback
h∗(Iγ) =< J, h
∗(x0) >
=< J, r1(1− T ) + r2T >
=< r >
i.e. the ideal h∗(Iγ) is a locally principal ideal of R[T ]. Thus, the morphism h : U ×
A1 → P1U lifts to Xγ which gives an A
1-homotopy joining α1 and α2.
In the case (B), we show a necessary condition. Let hH : Sp(H) → P1U be an n-ghost
homotopy, for n > 0, connecting α1 and α2 which lifts to Xγ . Then we show that,
r2
r1
− 1 ∈ rad < r1, s/r1 >, for all s ∈ J . (2)
Consider Xr := BlIrP
1
U the blow up of P
1
U along the ideal sheaf Ir associated to the
homogenous ideal < r, x0 > in R[x0, x1]. It is clear to see that the n-ghost homotopy
hH lifts to Xr, indeed h
∗
H(< r, x0 >) =< r, h
∗
H(x0) >=< r >. In particular, the sections
α1 and α2 lift to Xr (denoted by α
′
1 and α
′
2 respectively).
Xr is given in the chart x1 6= 0 by the equation: ry1 =
x0
x1
y2.
Fix s ∈ J . Consider the extension ˜< s, x0 > of the ideal < s, x0 > in P1U to Xr : On the
chart y2 6= 0:
˜< s, x0 > =< s,
x0
x1
>
=< s,
x0
x1
>< 1,
y1
y2
>
=<
s
r
,
y1
y2
>< r,
x0
x1
> .
On the chart y1 6= 0, we have r =
y2
y1
x0
x1
, hence
˜< s, x0 > =< s,
x0
x1
>
=< r,
x0
x1
> (since s ∈< r >).
The exceptional locus in the blow up Xr is given by the ideal < r, x0 >. The projection
onto the second component given by
Xr → P1U ×U ProjR[y1, y2]→ ProjR[y1, y2] (3)
is the blow up along the closed subscheme Z(< r, y2 >).
We define Xr,s/r → Xr as the blow-up of Xr along the ideal < s/r, y1 >. Hence, the
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projection morphism Xr,s/r → ProjR[y1, y2] is the blow-up along the closed subscheme
Z(< r, y2 >) ∪ Z(< s/r, y1 >).
Xr,s/r BlZ(<r,y2>)∪Z(<s/r,y1>) ProjR[y1, y2]
Sp(H) Xr P1U ×U ProjR[y1, y2] ProjR[y1, y2]
P1U
i
≃, θ
φ η
h′
H
h′′
H
pr2
We apply [3, Proposition 3.7, Remark 3.8] to the n-ghost homotopy given by the
composition θ ◦ h′′H. Since η ◦ θ ◦ h
′′
H(0) avoids the closed subscheme Z(< r, y2 >)∪Z(<
s/r, y1 >), the image of the n-ghost homotopy η ◦ θ ◦ h
′′
H avoids the closed subscheme
Z(< r, y2 >) ∪ Z(< s/r, y1 >).
Thus, the restriction of η ◦θ ◦h′′H to the closed subscheme U(< r, s/r >) factors through
P1U(<r,s/r>) − ({(0 : 1), (1 : 0)})× U(< r, s/r >) ≃ Gm × U(< r, s/r >).
Since Gm is A1-rigid, the restriction of η ◦ θ ◦ h′′H to Gm×U(< r, s/r >) is constant. In
particular, η ◦ θ ◦ h′′H(0) = η ◦ θ ◦ h
′′
H(1). Note that η ◦ θ ◦ h
′′
H(0) is given by y1/y2 7→ 1
and η ◦ θ ◦ h′′H(1) is given by y1/y2 7→ r2/r1. In other words, modulo every prime ideal
p containing < r, s/r >, r2/r1 = 1. i.e. r2/r1 − 1 ∈ rad(< r, s/r >).
Thus, we have showed that if two sections α1, α2 : U → Xγ are n-ghost homotopic for
some n > 0, then
r2
r1
− 1 ∈ rad < r1, s/r1 >
for all s ∈ J .
We will consider the following Zariski open cover V := V1
∐
V2 of A1U = SpecR[S],
where
V1 := A1U −Z(< (J :< r >), 1 + δS >)
V2 := A1U −Z(< r >).
Here (J :< r >) denotes the ideal {x ∈ R : rx ∈ J}. Indeed, if p /∈ V1 i.e. p is a prime
ideal in R[S] such that p ⊇< (J :< r >), 1 + δS >, then δ is a unit modulo p. But
δ ∈ rad < r, s/r > for all s ∈ J , hence p +< r, (J :< r >) >. Thus r /∈ p i.e. p ∈ V2.
We define hi : Vi → ProjR[y1, y2] for i = 1, 2 and take h = h1
∐
h2 : V → ProjR[y1, y2].
The morphism h1 : V1 → ProjR[y1, y2] is given by y1/y2 7→ 1 + δS. The morphism h1
lifts to a morphism V1 → Xr by using (3), since h
∗
1(< r, y2 >) =< 1 >. Further, the
morphism h1 : V1 → Xr lifts to X0 := Bl<(J:<r>),y1>Xr, the blow up of Xr along the
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ideal < (J :< r >), y1 >. Indeed,
h∗1(< (J :< r >), y1 >) =< J/r, 1 + δS >
is locally principal on V1. The morphism h2 : V2 → ProjR[y1, y2] is given by y1/y2 7→ 1.
By the similar argument as before, h2 lifts to X0. We next construct a 1-ghost homotopy
to X0 and compose this to the canonical morphism X0 → Xγ to get the desired claim.
The morphisms σ0, σ1 : U → A1U factor through V1 →֒ A
1
U . The lifts σ˜0, σ˜1 of σ0, σ1 to
V are given by U → V1 → V , respectively. Write W := V ×A1
U
V =
∐
i,j=1,2 Vij , where
Vij := Vi ∩ Vj . We will define a homotopy A1 ×W → X0 on each component of W . For
i = j, we take the constant homotopy on Vi ∩Vi = Vi. On the component V12, we define
SpecR[T ]× V12 → ProjR[y1, y2] as y2/y1 7→ (1 + δS)
−1(1− T ) + T . On the component
V21, we define SpecR[T ]× V21 → ProjR[y1, y2] as y2/y1 7→ (1− T ) + (1 + δS)
−1T .
Thus, we get an A1-homotopy connecting the two morphisms
W = V ×A1
U
V ⇒ V
h
−→ X0.
Hence, we get a 1-ghost homotopy connecting the sections α′′1 , α
′′
2 : U → X0. Composing
with the morphism X0 → Xγ , we get a 1-ghost homotopy between the sections α1, α2 :
U → Xγ . Since α1 and α2 are connected by this explicit 1-ghost homotopy, it follows
from [1, Lemma 4.1] that, α1 and α2 map to the same element in π
A
1
0 (X˜)(U).
4.ii : y ∈W , i.e. Y = W . We treat this case separately.
Case 5 : In this case γ(u) = y of codimension 1 in B and γ(η) is the generic point of B. Let Y = {y} be
the closure of y with the reduced closed subscheme structure. Thus, α1, α2 factor through the
P1-fibration given by π−1(Y )→ Y . There are two cases:
5.i : Y 6= W.
5.ii : Y = W .
5.i : In the case Y 6= W , γ factors through B −W , hence we can replace Y by Y −W . Thus
α1, α2 lying over γ are such that these map the closed point to the generic point of Y and
the generic point to the generic point of B. It follows that α1, α2 factor through P1×SpecA,
where SpecA is an affine open subscheme of B −W , hence α1, α2 are A1-chain homotopic.
We treat the remaining cases (4.ii), (5.ii), (6), which we recall below.
4.ii : γ(η) = y is of codimension 1 in B and γ(u) is a closed point of Y = {y}, Y = W .
5.ii : γ(u) = y is of codimension 1 in B and γ(η) is the generic point of B. Let Y = {y}, Y = W .
6 : γ(u) is a closed point of W and γ(η) is the generic point of B.
In the case (4.ii): let γ(u) = w be a closed point of W . Then the morphism γ : U → B
factors through the canonical morphism SpecOhW,w → W → B. Consider the ideal Iγ given by
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< r0, x0 >, where r0 ∈ R is the image of a uniformizer of the local ring O
h
W,w , under the induced
morphism OhW,w → R.
In the case (5.ii): let w be the generic point of W . Then, the morphism γ : U → B factors
through the canonical morphism SpecOhB,w → B. Consider the ideal Iγ given by < r0, x0 >,
where r0 ∈ R is the image of the uniformizer of the local ring O
h
B,w, under the induced morphism
OhB,w → R.
In the case (6): let γ(u) = w be a closed point of W . Then the morphism γ : U → B factors
through the canonical morphism SpecOhB,w → B. Since, W is a smooth closed subscheme of the
smooth scheme B, we can find local parameters t1, t2 of B at w and a Zariski neighbourhood
V of w in B such that the ideal of W in V is given by < t1 > . Then, the ideal Iγ is given by
< r0, x0 > where r0 ∈ R is the image of t1 in the local ring O
h
B,w, under the induced morphism
OhB,w → R.
By [3, Lemma 2.12], since B is A1-rigid, an n-ghost homotopy joining α1, α2 : U → X˜ lying
over γ factors through X ×γ,B U → X . Since U is a Henselian local scheme, the P1-fibration
X ×γ,B U → U is trivial i.e. isomorphic to P1U . We study sections α1, α2 : U → P
1
U which lift to
the blow up Yγ of P1U along the ideal sheaf Iγ such that these are n-ghost homotopic on Yγ for
some n > 0.
In the cases (4.ii), (5.ii) and (6), for i = 1, 2 since αi maps the generic point of U to the generic
point of P1U , r0 ∈ m− {0}. Let r1, r2 ∈ m be such that the sections α1 and α2 lift to Yγ and are
connected by an n-ghost homotopy hH which lift to Yγ . By the [3, Proposition 3.7], applying to
the Blow-up Yγ , then there exists r ∈ R such that < r >⊇< r0 > and the ideals α
∗
1(Iγ), α
∗
2(Iγ)
and h∗H(Iγ) are generated by r. There are two cases:
(A) r0 = r, thus r0 | r1, r2.
(B) r | r0 but r0 ∤ r; As < r0, r1 >=< r >=< r0, r2 >, we have that r = r1 and r2 is a unit
multiple of r.
We show below that, if the two sections α1, α2 satisfy the condition of the case (A), then the
sections are A1-homotopic. But the necessary condition in (B) is not sufficient to conclude that
the sections α1, α2 are n-ghost homotopic. In this case, we get a further necessary condition,
which suffices to show that the sections α1, α2 are 1-ghost homotopic.
In the case (A), we observe that, in this case α1 and α2 are A1-homotopic as follows. Consider
h : A1U = SpecR[T ]→ SpecR[x0/x1] given by
x0/x1 7→ r1(1− T ) + r2T .
Note that the homotopy h : U × A1 → P1U lifts to Yγ as the pullback
h∗(Iγ) =< r0, h
∗(x0) >
=< r0, r1(1− T ) + r2T >
=< r0 >
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i.e. the ideal h∗(Iγ) is a locally principal ideal of R[T ]. Thus, the morphism h : U × A1 → P1U
lifts to Yγ which gives an A1-homotopy joining α1 and α2.
In the case (B), let r0 ∈ m−{0}. Let r1, r2 ∈ R be such that r1 | r0, r2 | r0 but r0 ∤ r1 and r0 ∤ r2.
Let r′ := r0/r1. Let r2 be a unit multiple of r1.
Let hH : Sp(H) → P1U be an n-ghost homotopy, for n > 0, connecting α1 and α2 which lifts to
Yγ . Then we show that,
r2
r1
− 1 ∈ rad < r0, r0/r1 >.
Consider Yr := BlIrP
1
U the blow up of P
1
U along the ideal sheaf Ir associated to the homogenous
ideal < r, x0 > in R[x0, x1]. It is clear to see that the homotopy hH lifts to Yr. In particular, the
sections α1 and α2 lift to Yr (denoted by α
′
1 and α
′
1 respectively).
Yr is given in the chart x1 6= 0 by the equation: ry1 =
x0
x1
y2.
Consider the extension I˜γ of the ideal Iγ in P1U to Yr : On the chart y2 6= 0:
I˜γ =< r0,
x0
x1
>
=< r0,
x0
x1
>< 1,
y1
y2
> .
=<
r0
r
,
y1
y2
>< r,
x0
x1
> .
On the chart y1 6= 0, we have r =
y2
y1
x0
x1
, hence
I˜γ =< r0,
x0
x1
>
=< r,
x0
x1
> (since r0 ∈< r >)
The exceptional locus in the blow up Yr is given by the ideal < r, x0 >. The projection onto the
second component given by
Yr → P1U ×U ProjR[y1, y2]→ ProjR[y1, y2]
is the blow up along the closed subscheme Z(< r, y2 >). We define Yr,r′ → Yr as the Blow-up of
Yr along the ideal < r0/r1, y1 >. Hence, the projection map Yr,r′ → ProjR[y1, y2] is the blow up
along the closed subscheme Z(< r, y2 >) ∪ Z(< r
′, y1 >).
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Yr,r′ BlZ(<r,y2>)∪Z(<r′,y1>) ProjR[y1, y2]
Sp(H) Yr P1U ×U ProjR[y1, y2] ProjR[y1, y2]
P1U
i
≃, θ
φ η
h′
H
h′′
H
pr2
Applying [3, Proposition 3.7, Remark 3.8] to the n-ghost homotopy given by the composition
θ ◦ h′′H, since η ◦ θ ◦ h
′′
H(0) avoids the closed subscheme Z(< r, y2 >) ∪ Z(< r
′, y1 >), the image
of the n-ghost homotopy η ◦ θ ◦ h′′H avoids the closed subscheme Z(< r, y2 >) ∪ Z(< r
′, y1 >).
Thus, the restriction of η ◦ θ ◦ h′′H to the closed subscheme U(< r, r
′ >) factors through
P1U(<r,r′>) − ({(0 : 1), (1 : 0)})× U(< r, r
′ >) ≃ Gm × U(< r, r′ >).
Since Gm is A1-rigid, the restriction of η ◦ θ ◦ h′′H to Gm×U(< r, r
′ >) is constant. In particular,
η◦θ◦h′′H(0) = η◦θ◦h
′′
H(1). Note that η◦θ◦h
′′
H(0) is given by y1/y2 7→ 1 and η◦θ◦h
′′
H(1) is given
by y1/y2 7→ r2/r1. In other words, modulo every prime ideal p containing < r1, r
′ >, r2/r1 = 1.
i.e. r2/r1 − 1 ∈ rad(< r, r
′ >).
Thus, we have showed that if two sections α1, α2 : U → Yγ are n-ghost homotopic for some n > 0,
then
r2
r1
− 1 ∈ rad < r, r0/r > .
Conversely, let r0 ∈ m − {0}. Let r1, r2 ∈ R be such that r1 | r0, r2 | r0 but r0 ∤ r1 and r0 ∤ r2.
Let r′ = r0/r1. Let r2 be a unit multiple of r1. Further, assume that
δ :=
r2
r1
− 1 ∈ rad < r, r0/r >.
Then we show that the sections α1, α2 are 1-ghost homotopic.
We will consider the following Zariski open cover V := V1
∐
V2 of A1U = SpecR[S], where
V1 := A1U −Z(< r
′, 1 + δS >)
V2 := A1U −Z(< r >).
Indeed, if p /∈ V1 i.e. p is a prime ideal in R[S] such that p ⊇< r
′, 1 + δS >, then δ is a unit
modulo p. But δ ∈ rad < r, r′ >, hence p +< r, r′ >. Thus r /∈ p i.e. p ∈ V2.
We define hi : Vi → ProjR[y1, y2] and take h = h1
∐
h2 : V → ProjR[y1, y2]. The morphism
h1 : V1 → ProjR[y1, y2] is given by y1/y2 7→ 1 + δS. We observe that h1 lifts to a morphism
V1 → Yr,r′ . Indeed, h
∗
1(< r, y2 >) =< 1 > and h
∗
1(< r
′, y1 >) =< r
′, 1 + δS > is locally principal
on V1. The morphism h2 : V2 → ProjR[y1, y2] is given by y1/y2 7→ 1.
The morphisms σ0, σ1 : U → A1U factor through V1 →֒ A
1
U . The lifts σ˜0, σ˜1 of σ0, σ1 to V are given
by U → V1 → V , respectively. Write W := V ×A1
U
V =
∐
i,j=1,2 Vij , where Vij := Vi∩Vj . We will
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define a homotopy A1 ×W → Yr,r′ on each component of W . For i = j, we take the constant
homotopy on Vi ∩ Vi = Vi. On the component V12, we define SpecR[T ]× V12 → ProjR[y1, y2] as
y2/y1 7→ (1+δS)
−1(1−T )+T . On the component V21, we define SpecR[T ]×V21 → ProjR[y1, y2]
as y2/y1 7→ (1− T ) + (1 + δS)
−1T .
Thus, we get an A1-homotopy connecting the two morphisms
W = V ×A1
U
V ⇒ V
h
−→ Yr,r′ .
Hence, we get a 1-ghost homotopy connecting the sections α′′1 , α
′′
2 : U → Yr,r′ . Composing with
the morphism Yr,r′ → Yγ , we get a 1-ghost homotopy between the sections α1, α2 : U → Yγ .
Composing with the morphism Yγ → X˜, we get a 1-ghost homotopy connecting the sections
α1, α2.
Since α1 and α2 are connected by this explicit 1-ghost homotopy, it follows from [1, Lemma 4.1]
that, α1 and α2 map to the same element in π
A
1
0 (X˜)(U).
4 Applications
In this section, we give applications of the result in Section 3.
4.1 Threefolds admitting P1-fibration over A1-rigid surface
Keeping the notation from Section 3 (#), we will prove the following
Theorem 4.1. Let B, X and X˜ be as described in (#). Moreover assume that B is A1-rigid. Then
1. S(X) ≃ B
2. S2(X˜) ≃ S3(X˜)
3. S(X˜)→ S2(X˜) is not a monomorphism.
Proof of claim 1: Let U be a smooth Henselian local k-algebra. Let α1, α2 be sections of X over U
which are connected by an n-ghost homotopy hH : Sp(H) → X for some n > 0. We know that for
any n-ghost homotopy hH : Sp(H) → X of U in X the homotopy π ◦ hH : Sp(H) → X → B is
constant, since B is A1-invariant (see [3, Lemma 2.12]). Thus, if two morphisms α1, α2 : U → X are
n-ghost homotopic, then the compositions π ◦ α1 and π ◦ α2 are equal, denoted by say γ : U → B.
Thus, the sections α1, α2 : U → X factor through the pullback X ×γ,B U ≃ P1U → X . Hence, the
sections α1, α2 : U → P1U are A
1-chain homotopic i.e. α1 = α2 ∈ S(X)(U). So we have proved that
the epimorphism S(X)→ L(X)→ B is a monomorphism, hence an isomorphism as claimed.
Proof of claim 2: Let U = SpecR be a smooth Henselian local k-algebra as in the Notation 2.8(1).
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Let α1, α2 be sections of X˜ over U , which are connected by an n-ghost homotopy hH : Sp(H)→ X˜
for some n > 0. We know that for any n-ghost homotopy hH : Sp(H)→ X of X over U , the homotopy
π ◦ hH : Sp(H) → X → B is constant, since B is A1-invariant (see[3, Lemma 2.12]). Thus, if two
morphisms α1, α2 : U → X are n-ghost homotopic, then the compositions π ◦α1 and π ◦ α2 are equal.
Thus, there is a morphism γ : U → B such that the n-ghost homotopy connecting the sections α1, α2
of X˜ over U lies over the morphism γ : U → B. Then we apply Proposition 3.1, to get the desired
result.
This proves that S2(X˜)(U) ≃ S3(X˜)(U), for all Henselian local k-algebras. Hence, the morphism
S2(X˜)→ S3(X˜) of Nisnevich sheaves is an isomorphism.
To see that S(X˜) 6= S2(X˜), we use a criterion for two sections of X˜ to be A1-chain homotopic.
Keeping the notations from the proof of the claim 2 above, we recall the following proposition.
Proposition 4.2. ([4, Proposition 4.10]) Let r0 ∈ m− {0}. Let r1, r2 ∈ m− {0} be such that r1 | r0,
r2 | r0 but r0 ∤ r1 and r0 ∤ r2. Let r′ = r0/r1. There exists an A1-chain homotopy connecting α1 to α2
which lifts to Yγ if and only if
1. r2 is a unit multiple of r1.
2. r2/r1 − 1 ∈ rad(< r1 >) + rad(< r
′ >) ⊆ rad(< r1, r
′ >).
Proof of claim 3: We show that S(X˜)(U) 6= S2(X˜)(U) for some Henselian k-algebra U .
Let U = SpecR, whereR = k[x, y]h(x,y), where k[x, y] is the ring of polynomials in the indeterminates
x, y and (x, y) is the maximal ideal generated by x and y. Let r0 = x(y
2+x), r1 = x and r2 = x(1+y).
We observe that
rad(< r1 >) + rad(< r
′ >) =< x, y2 >
and
r2/r1 − 1 = y /∈ rad(< r1 >) + rad(< r
′ >).
It follows from the Proposition 4.2 above that, the morphisms α1, α2 corresponding to r1, r2
respectively, are not A1-chain homotopic. Further, the morphisms α1, α2 are 1-ghost homotopic, since
r2/r1 − 1 = y ∈ rad(< x, y
2 >) as seen earlier in the proof of the claim 2.
Corollary 4.3. Let X˜ be as in the Theorem 4.1. Then the sheaf πA
1
0 (X˜) is A
1-invariant.
Proof. It follows from Theorem 4.1 and [1, Lemma 4.1] that the canonical morphism
πA
1
0 (X˜)→ S
2(X˜)
admits a retract. Then the corollary follows from [1, Lemma 2.16].
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4.2 Threefolds admitting P1-fibration over non-uniruled surface
Keeping the notation from Section 3 (#), we will prove the following
Theorem 4.4. Let X and X˜ be as in (#). Further, assume that B is non-uniruled. Then
1. S(X) ≃ S2(X).
2. S2(X˜) ≃ S3(X˜).
Proof of claim 1: The proof of this claim follows along the lines of the proof of [1, Theorem 3.14].
Proof of claim 2: Since B is not uniruled, we recall from [7, Chapter VI, Prop 1.3] that, for every
k-variety T and a rational map P1 × T 99K B either
1. the rational map P1 × T 99K B is not dominant or
2. for every t ∈ T , the induced map P1k(t) 99K B is constant.
We can take T above to be an essentially smooth k-scheme.
Let U = SpecR be a smooth Henselian local k-algebra as in the Notation 2.8(1).
Let α1, α2 be sections of X˜ over U , which are connected by a 2-ghost homotopy hH : Sp(H)→ X˜ .
Suppose the 2-ghost homotopy is given by
H = (V 2 → A1U ,W
2 → V 2 ×A1
U
V 2, σ˜0, σ˜1, h,H
W 2)
with HW
2
= (H11, · · · ,H
1
r) a chain of 1-ghost homotopies as in the Definition 2. Suppose the 1-ghost
homotopy H1m is given by
H1m = (V
1
m → A
1
W 2 ,W
1
m → V
1
m ×A1
W2
V 1m, σ˜0, σ˜1, h,H
W 1).
The space of the 2-ghost homotopy H is given by,
Sp(H) = V 2
∐( r1∐
m=1
V 1m
)∐( r1∐
m=1
A1W 1m
)
.
We write h |A1
W1m
or h |V im for the respective restrictions of the morphism hH : Sp(H)→ X˜.
Since B is not uniruled, the homotopy on W 1m is either constant or factors through a reduced
closed subscheme of dimension 1 (applying the criterion at the start of the proof to the irreducible
components of W 1m). If the homotopy on each irreducible component of W
1
m is constant, then
V 1m ×A1
W2
V 1m
pr1
−−→ V 1m
h
−→ X˜ → X → B
agrees with
V 1m ×A1
W2
V 1m
pr2
−−→ V 1m
h
−→ X˜ → X → B.
17
Since V 1m → A
1
W 2 is a Nisnevich covering map, there is unique morphism h : A
1
W 2 → B. Again
since B is uniruled, either the morphism h : A1W 2 → B factors through a reduced closed subscheme of
dimension 1 or the homotopy on W 2 is constant. If the homotopy on each irreducible component of
W 2 is constant, then we observe by similar argument as before that there is a morphism h : A1U → B.
We make two cases
(a) the homotopy from each irreducible component of W 1m for m = 1, · · · , r and W
2, as well as U
factor through closed reduced subschemes of B of dimension 1 or
(b) the homotopy from each irreducible component of W 1m for m = 1, · · · , r and W
2, as well as U is
constant.
In the case (a): we first claim that for all m such that 0 ≤ m ≤ r, the morphism h appearing
in the 1-ghost homotopies factor through a 1-dimensional, reduced, closed subscheme C of B. This
can be observed along the same lines of argument starting with W 1m, and successively to W
2. Thus,
the given 2-ghost homotopy hH : Sp(H) → X˜ when composed with X˜ → X factors though the
P1-fibration over C. Write C = ∪j∈JCj , where each Cj is an irreducible component of C. Since the
morphisms appearing in the 2-ghost homotopy when restricted to irreducible components are dominant
onto irreducible components of C, the 2-ghost homotopy hH : Sp(H)→ X˜ → X → B factors through
the normalization C of C, where C =
∐
j∈J Cj , the disjoint union of the normalization Cj of Cj . Thus
the 2-ghost homotopy hH : Sp(H)→ X˜ factors through the blow up of the P1-fibration X ×B C → C
along the inverse image Z ′ of Z under the morphism X ×B C → X . Now either the smooth curve
C is either isomorphic to P1 or of positive genus. In the case that C ≃ P1, the blow up is a rational
surface. Hence in this case the result follows since S2(BlZ′(X ×B C)) = ∗ as shown in [9, Corollary
3.3]. In the other case that C is a smooth projective curve of positive genus, we observe that the blow
up of the P1-fibration X×B C → C along Z ′ is a birationally ruled surface over C. Here C is A1-rigid,
thus, given an n-ghost homotopy to X ×B C, after composing with X×B C → C lies over a morphism
γ : U → C. By the argument similar as employed in the Proposition 3.1, we deduce that the sections
α1, α2 are 1-ghost homotopic.
In the case (b): there is a morphism γ : U → B such that the n-ghost homotopy
Sp(H)→ X˜ → X → B
lies over γ : U → B. Now the result follows from the Proposition 3.1.
Corollary 4.5. For X˜ as in the Theorem 4.4, πA
1
0 (X˜) is A
1-invariant.
Proof. It follows from Theorem 4.4 and [1, Lemma 4.1] that the canonical morphism
πA
1
0 (X˜)→ S
2(X˜)
admits a retract. Then the corollary follows from [1, Lemma 2.16].
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Remark 4.6. In general for a non-uniruled surface B, the morphism of sheaves S(X˜) → S2(X˜)
might not be a monomorphism. For example, if B is an abelian surface, S(X˜) → S2(X˜) is not a
monomorphism as it follows from Theorem 4.1(3).
Remark 4.7. Theorem 4.1(3), and the Remark 4.6 provides examples of X˜ such that SingA
1
∗ (X˜)
is not A1-local. If X˜ is such that S(X˜) → S2(X˜) is not be a monomorphism, then SingA
1
∗ (X˜) is
not A1-local in the sense of [8, Definition 2.1, page 106]. For if SingA
1
∗ (X˜) were A
1-local, then the
morphism S(X˜)→ πA
1
0 (X˜) would be an isomorphism.
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